Swimming at small Reynolds number of a collinear assembly of identical spheres immersed in an incompressible viscous fluid is studied on the basis of a set of equations of motion for the individual spheres. The motion of the spheres is caused by actuating forces and forces derived from a direct interaction potential, as well as hydrodynamic forces exerted by the fluid as frictional and added mass hydrodynamic interactions. The swimming velocity is deduced from the momentum balance equation for the assembly of spheres, and the mean power required during a period is calculated from an instantaneous power equation. Expressions are derived for the mean swimming velocity and the mean power, valid to second order in the amplitude of displacements from the relative equilibrium positions. Hence these quantities can be evaluated in terms of prescribed periodic displacements. Explicit calculations are performed for a linear chain of three identical spheres.
I. INTRODUCTION
The general theory of swimming and flying must incorporate the effects of both friction and inertia [1] . Swimming in the full range of scale number, varying between the Stokes limit, dominated by viscosity, and the inertial limit, dominated by the mass of the spheres and the mass density of the fluid, was studied elsewhere for a deformable sheet [2] , a slab [3] , and a sphere [4] . The inertial limit has been discussed in general terms for a deformable body of arbitrary shape [5] . Models involving recoil locomotion due to shifting internal mass [6] , [7] provide other examples of swimming by inertial effect.
In earlier work we investigated the effect of fluid inertia on the motion of a collinear swimmer consisting of a chain of rigid spheres immersed in a viscous incompressible fluid [8] , [9] . The analysis was based on a set of approximate equations of motion for the individual spheres incorporating direct interaction forces, as well as frictional and added mass hydrodynamic interactions. The model allows study of the whole range of scale number. Vortex shedding [10] , [11] is neglected in the model.
In the following we study small amplitude motion of the model system in more detail. In Sec. II we specify the basic model equations and derive the balance equation for the total momentum of the spheres, as influenced by interaction with the fluid, as well as an instantaneous power equation [12] . In Sec. III we specialize to small amplitude motion and derive the corresponding equations of the bilinear theory. As application we consider in Sec. IV the case of a linear chain of three identical neutrally buoyant spheres interacting via harmonic springs.
In the bilinear theory of swimming the mean swimming velocity is expressed as the expectation value of a speed matrix with respect to the vector of displacements of the sphere centers from their equilibrium positions. Similarly, the mean power is expressed as the expectation value of a power matrix, derived from the mean rate of dissipation. In earlier work [8] , [9] we used a matrix representation based on the transformation from Cartesian to center and relative coordinates. We show here that it is advantageous to use instead a representation based on the eigenvectors of the elastic matrix. This incorporates the symmetries of the system and for the three-sphere swimmer leads to relatively simple expressions, which are presented in analytic form.
The mean swimming speed can be optimized for given power by a suitable choice of stroke. The optimization leads to a generalized eigenvalue problem in terms of the speed matrix and the power matrix. It turns out that for the three-sphere swimmer the maximum eigenvalue and the corresponding eigenvector hardly depend on the scale number. As a consequence the optimal motion found in the Stokes limit is nearly optimal in the whole range of scale number, including the inertial limit.
II. DYNAMICS OF COLLINEAR SPHERES
We consider a system of N identical spheres of radius a and mass density ρ p immersed in a viscous incompressible fluid of shear viscosity η and mass density ρ. The fluid is of infinite extent in all directions. We assume that at all times the centers of the spheres are collinear and located on the x axis of a Cartesian system of coordinates. The dynamics of the system is governed by an interaction potential V int , depending on the instantaneous configuration of centers, by actuating forces (E 1 (t), ..., E N (t)), directed in the x direction and summing to zero total force at any time t, and by hydrodynamic interactions transmitted by the fluid.
We assume that the hydrodynamic interactions can be approximated by Stokes friction, calculated from the Stokes equations, and by added mass effects, calculated from potential theory. We summarize the positions of centers in the N-dimensional vector R = (x 1 , ..., x N ), and the sphere momenta in p = (p 1 , ..., p N ). The momenta are related to the velocities
where m is the mass matrix, which depends on the relative positions of the sphere centers, so that it is invariant under translations of the whole assembly. The dynamics of the system is assumed to be governed by the approximate equations of motion [8] dR dt = U, dp dt
where the kinetic energy K is given by
with inverse mass matrix w = m −1 . The derivative with respect to positions in Eq. (2.2) is to be taken at constant momenta p. The friction matrix ζ and the interaction potential V int are invariant under translations of the assembly. We abbreviated E = (E 1 , ..., E N ).
In the absence of actuating forces the system comes to rest due to friction with the fluid. The rest situation corresponds to a solution of Eq. (2.2) with constant configuration R 0 , which is a minimum of the potential energy V int . In the rest configuration the center and relative positions are
In shorthand notation c 0 = R 0 − C 0 . From the definitions it follows that
where u = (1, 1, ..., 1). The sphere positions are summarized in the N-vector Substituting this into Eq. (2.2) and requiring that the total actuating force vanishes we obtain an equation of motion for U(t), involving also the time-derivativesḋ andd of the displacements d(t).
The requirement that the sum of actuating forces vanishes reads in abbreviated notation
We can use this requirement to derive a simple balance equation for the total momentum
The total momentum varies in time due to interaction with the fluid. From Eq. (2.2) we derive
10)
The kinetic energy and potential energy terms in Eq. (2.2) do not contribute on account of translational invariance. The actuating forces E(t) do not occur explicitly in Eq. (2.10) and this allows a kinematic point of view in which the velocity U(t) is determined from the equation for prescribed displacements d(t). We define the Hamiltonian H as
From Eq. (2.2) we find for its time-derivative
with rate of dissipation
This may be called the instantaneous power equation [12] . In periodic swimming the time-average of the rate of dissipation over a period equals the power used. We denote the average as
where τ is the period. From Eq. (2.12) we see that the mean rate of dissipation equals the power, i.e. the work performed by the actuating forces during a period,
In the same way we see from Eq. (2.10)
This shows that in periodic swimming the mean drag vanishes.
III. BILINEAR THEORY
In the following we consider a collinear assembly with small deviations from an equilibrium configuration c 0 . The averaged Eq. (2.16) is solved by formal expansion in powers of the displacements d(t). We include terms up to second order. The displacements are assumed to vary harmonically in time at frequency ω = 2π/τ .
To second order Eq. (2.16) reads
where ζ 0 is the friction matrix of the equilibrium configuration, which is time-independent. From Eq. (3.1) we find for the mean second order swimming velocity
with friction coefficient Z 0 = u · ζ 0 · u and mean second order translational impetus
3)
The first order friction matrix can be expressed as
where ∇ is the gradient operator in N-dimensional configuration space. From Eqs. (2.6) and (2.7) we find for the first order velocity vector and the corresponding position vector
Here we use a first order equation derived from Eq. (2.10), 
The solution of this equation can be expressed as
The elements of the N-vector
In the calculation of the time-averaged impetus in Eq. (3.3) we encounter bilinear expressions. The average is evaluated conveniently in complex notation. For example
The leading contribution to the mean second order impetus in Eq. (3.3) takes the form
with derivative friction matrix
as introduced earlier [13] . We write the complete expression as 13) where the N × N matrixD differs from D by a correction coming from U
ω in Eq. (3.5),
14)
The time-dependent rate of dissipation is given by Eq. (2.13). The second order mean rate of dissipation can be expressed in terms of periodic displacements with Fourier amplitude d ω as
with modified friction matrix [8] , [14] 
Finally we note that in Eqs. (3.13) and (3.15) the matrices iωD(ω) and iωζ(ω) can be reduced to their hermitian part. Also we can use a projector to take account of the fact that the displacement vector d ω must be orthogonal to u.
IV. THREE-SPHERE CHAIN
As an application of the equations derived in the preceding sections we consider swimming of a linear chain of three spheres of radius a and mass density ρ. For simplicity we consider neutrally buoyant spheres. As basic equilibrium configuration c 0 we consider
We take the potential energy to be given by the expression
with elastic constant k and relative distances
The potential energy is positive definite, translation-invariant, and it vanishes at configuration c 0 . We assume that the mobility matrix µ(R) is given by Oseen hydrodynamic interactions [15] and that the inverse mass matrix w(R) is evaluated in dipole approximation [8] . The kinetic energy K(R, p) is positive definite and translation-invariant. The friction matrix and the mass matrix depend only on the relative distances given by Eq. (4.3) . The friction coefficient and the total mass in the equilibrium configuration take the values
We introduce the projection operators P op and Q defined as
The displacement vector d ω must satisfy 6) to exclude rigid body translation. The projected vector has only two independent components. This allows reduction of the matricesD(ω) andζ(ω) in Eqs. (3.14) and (3.16) to a two-dimensional representation. In order to construct the reduced matrices we expand the displacement vector d ω in terms of a convenient set of basis vectors. We use the orthonormal set of eigenvectors of the elasticity matrix corresponding to the interaction potential V int . The latter can be expressed as
with 3 × 3 elasticity matrix H given explicitly by
This has the orthonormal set of eigenvectors
with eigenvalues
The first eigenvector and eigenvalue correspond to free translation. The basis vectors e 2 , e 3 span the reduced vector space. The corresponding displacement vector
is characterized by two complex coefficients b 2 , b 3 in complex notation. The matrix D does not depend on frequency. We can express the matrix D at R 0 as
with coefficients
(4.13)
Hence the reduced 2 × 2 matrix D 2 is given by
The vectors g and Ψ(ω) in Eq. (3.14) are given by
.
Hence the reduced 2 × 2 matrixD 2 is given by
From Eq. (3.13) we define correspondingly
The matrix B 2 (ω) is hermitian and its elements are dimensionless. We define the hermitian matrix A(ω) as
The elements of A(ω) are dimensionless. For the three-sphere swimmer in the representation given by Eq. (4.9) the elements of the first row and column of the three-dimensionless matrix A(ω) vanish. Therefore we can restrict attention to the 2 × 2 matrix A 2 (ω) obtained by deleting the first row and column. The reduced matrix A 2 (ω) is diagonal of the form
with elements
with coefficient
The element A 222 is remarkably simple and does not depend on s. The element A 233 depends in complicated fashion on the ratio d/a, but its dependence on the scale number s is quite simple.
The optimal stroke for swimming in the x direction for given power is given by the eigenvector of the generalized eigenvalue problem
with maximum eigenvalue λ max . The maximum eigenvalue equals the efficiency E T = ηωa 2 |U (2) |/D (2) of the stroke b. It has the dimensionless value
As a function of s this takes the form
with real coefficients A, B, C which depend only on the ratio d/a. In the Stokes limit s = 0 the value λ max (0) agrees with the analytic expression λ + derived earlier [13] . In Fig. 1 we plot the ratio λ max (s)/λ max (0) as a function of s for d = 3a. To lowest order in the ratio a/d
independent of s.
The eigenvector b corresponding to the maximum eigenvalue takes the form 27) when normalized such that the first component equals unity. In Fig. 1 we plot the real and imaginary parts of the second component b 3 for d = 3a as functions of s. Both are nearly constant, in agreement with an earlier plot [8] . To lowest order in a/d the second component
The time-dependent displacement for the stroke εb is given by
As shown above, for the optimal stroke this hardly depends on the scale number s, so that over the whole range of s the motion is very similar to that in the Stokes limit. Nonetheless for large s the motion of the center of mass is dominated by inertial effects, as is evident from Eqs. (3.8) and (3.9) of Ref. 8 .
V. DISCUSSION
The bilinear theory of swimming is important because it allows an optimization procedure for finding the small amplitude stroke of maximum mean swimming velocity for given power.
We showed elsewhere [8] , [9] for the example of a chain of three identical spheres that for larger amplitude of the same stroke the efficiency is nearly the same. In the above we have presented the equations of the bilinear theory for the three-sphere chain in analytic form. In particular this allows a detailed analysis of the dependence of mean swimming speed and power on the scale number. In the model the full range of viscosity from the Stokes limit, relevant to microorganisms, to the inertial limit of small viscosity and reactive swimming, is covered, and the transition between the two types of swimming can be studied. We found that the optimal stroke and efficiency hardly vary over the full range of scale number.
For the collinear chain the analysis of the swimming velocity can be based on the simple momentum balance equation Eq. (2.10). In the equation the actuating forces do not occur, and this allows a kinematic point of view. One can expect that for more complicated geometry a similar analysis based on equations for total momentum and angular momentum is feasible. We have implemented such an analysis for planar assemblies of spheres. The study of fully three-dimensional structures of spheres remains an open problem.
In the model the phenomenon of vortex shedding [11] , [12] is absent, and it would be desirable to extend the model to take account of this effect. A first goal would be to explain the interesting experimental and computer simulation findings of Klotsa et al. [16] for a collinear two-sphere system. 
